Abstract-Calculations of heat fluxes through fixed temperature walls from CFD results have become of great importance in many industrial applications. The objective of this work is to present a consistent numerical technique to compute heat fluxes through isothermal boundaries. In the present paper, we consider a stabilized PSPG/SUPG finite element scheme for the steady Navier-Stokes equations for variable density flows. Three variants are considered which differ by the treatment of the convective terms in the momentum and energy equations, i.e. a convective formulation, a corrected convective formulation and a conservative formulation. A pseudo Newton method is employed as non linear solver. A numerical technique to compute the boundary heat fluxes consistent with the finite element formulation is then presented, as well as the expression obtained using the gradient of the finite element approximation T h . To illustrate the effect of the formulation, numerical simulations of natural convection of air in 2D and 3D cubic cavities with large temperature differences between opposite walls are carried out. The effects of the finite element formulation, of the expression for the calculation of the heat flux and of mesh refinement are presented. The results demonstrate the superior accuracy and convergence of the proposed numerical technique for the heat flux computation.
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I. INTRODUCTION
T HE natural convection in closed cavities have been studied extensively over the years in two dimensional configurations. The numerical simulation of flows in square or cubic cavities has become standard benchmarks to validate computer codes predicting heat transfer and buoyancy effects.
Most studies in the literature assume Boussinesq approximation, in which density is considered as constant except for the gravity force term computation, which is only valid for small temperature variations. However, many industrial devices involve large temperature differences where the Boussinesq approximation is clearly not valid.
A stabilized finite element solver for variable density flow was implemented to address large temperature differences. Three different formulations, i.e. a convective formulation, a corrected convective formulation and a conservative (divergence) formulation are considered. An expression of the heat flux through isothermal walls consistent with the finite element discretization is derived. The importance of the conservation properties of the numerical schemes is illustrated by the numerical results.
In this paper, we illustrate the formulation on two natural convection cases: a 2D cubic cavity with Ra = 10 6 and a 3D cubic cavity with Ra = 10 4 . The gas in the cavity is air with constant transport properties in the 2D case whereas Sutherland viscosity law and constant Prandtl number and heat capacity are used in the 3D case. The statement of the problem consist of closed cavity with imposed temperatures on two opposite vertical walls (the others being adiabatic).
II. COMPUTATIONAL METHOD
A. Governing Equations
The system of equations describing the natural convection flows under study are the steady Navier-Stokes equations with volumic gravity force:
where ρ is the density , f i = ρg i is the buoyancy force, g i is the gravity acceleration, Q E = ρg j u j is the power of gravity forces, τ i j is the newtonian stress tensor, q j = −κ ∂T ∂x j is the heat flux vector and H = h + u j u j /2 is the fluid total enthalpy.
The fluid viscosity µ, heat conductivity κ and constant pressure heat capacity c p are considered constant for the 2D problem, whereas viscosity variations with temperature are taken into account through Sutherland's viscosity law
with µ * = 1.6810 −5 kg/m/s, T * = 273K and S = 110.5K for the 3D case. Constant pressure heat capacity c p and 1 9th National Congress on Theoretical and Applied Mechanics, Brussels, 9-10-11 May 2012
Prandtl number Pr are assumed to be constant (c p = 1004.5 J/kg/K and Pr = 0.71), so that the heat conductivity
B. Discretization Method
Let the test V h and trial S h functions spaces:
The SUPG/PSPG discretization operator of the convective form of the Navier-Stokes equations can then be written:
with
The discrete continuity equation (12) can be interpreted as a weak statement of the divergence-free property of the vector field
The fact that the mass flux ρu j is not divergence-free in the weak sense introduces mass conservation errors in the Galerkin discretizations of the momentum and energy equations (13-14). These can be removed by substituting the mass flux ρu j by q M j in equations (13-14) as done for incompressible flows [1, 2] , a strategy similar to the RhieChow scheme [3] in the finite volume context.
The modified (mass corrected) formulation is as follows:
An alternative strategy to ensure momentum and energy conservation is to use the conservative (divergence) form of the momentum and energy equations 1 . The corresponding discretization is as follows
C. Heat flux calculation
The heat flux into solid boundaries is given by the Fourier law
where n is the normal direction out of the fluid domain (and thus into the solid boundary). An obvious way to evaluate this flux is to compute it from the finite element approximation of the temperature field T h in the element next to the boundary, i.e.
an expression defined element-by-element. For P1 elements, as the temperature gradient is constant over each element, the boundary heat flux is piecewise constant over boundary faces if the heat conductivity is assumed constant. Otherwise, it varies proportionally to κ(T h ) but it remains discontinuous at boundary face edges (points in 2D). The problem with this way of computing the heat flux is that it does not respect energy conservation. Specifically, for the natural convection problems in cavities under consideration in the present paper, the total heat flux out of the hot wall is not equal to the total heat flux into the cold wall as will be highlighted in the results section. To remedy this problem, the following post-processing technique, similar to that presented by Oshima et al. for the evaluation of Reynolds stresses in DNS calculations [4] , is proposed. The basic idea is to use the weighted residual statement (either (14), (22) or (25)) with a weighting function ϑ h ∈ H 1h which does not vanish on the boundary, contrary to θ h (see Eq. 8). Now, in this weighted residual statement (for instance the conservative form (25)),
the unknowns are the heat flux distributions on the temperature Dirichlet boundaries, as this equation is used in a post-processing step, after the temperature distribution has been determined by solving the finite element equations, (23-25) for the conservative formulation. Taking ϑ h = ∑ α∈Γ dT,hot ϕ α , where ϕ α is the shape function associated to node α, since ϑ h = 1 on the hot wall boundary and vanishes on the cold wall boundary, we can thus determine the (negative) total heat flux into the hot wall
and similarly for the cold wall. Now, by taking ϑ h = 1, we get (for homogeneous Neumann boundary conditions, i.e. adiabatic walls other than the hot and cold walls)
which proves exact energy conservation. For the other (convective and mass corrected convective) formulations, energy conservation errors of the order of the PSPG stabilization terms in the discrete continuity equation remain, but they are very small as will be observed from the numerical examples.
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The heat flux distributions on the isothermal walls can be obtained by assuming a finite element approximation for the normal heat flux on the isothermal boundaries q h j n j = q h n = ∑ α∈Γ dT q n,α . By taking ϑ h = ϕ β ∀β ∈ Dirichlet boundaries in (29), we get a linear system for the normal heat fluxes at isothermal boundary nodes.
III. PROBLEM DEFINITION AND NUMERICAL RESULTS
A. Problem definition
We consider natural convection in a square (2D) or cubic (3D) cavity with two opposite isothermal vertical walls, the other walls being adiabatic (Fig. 1) . Such flows are [4] [5] [6] . The computational method is extended to three dimensions and produces very efficiently and accurately. Attention is given to the influence of the boundary in the third dimension. xperiments with free-slip, no-slip and periodic boundary conditions are performed. Results are shown for ity with Rayleigh numbers varying between 10 2 and 10 4 .
setting er the flow in a differentially heated cubic cavity in which a temperature difference is applied to two tical walls, while the other sides of the cube are thermally insulated (Fig. 1) . Further, large temperature re considered which impose the use of compressible solvers able to treat low Mach number flows. pressible fluid, the Rayleigh number is defined as
the Prandtl number, g = 9.81 m/s 2 the gravitational constant, L the characteristic dimension of the cavity, spectively, the hot and cold temperatures applied to the vertical walls, T 0 a reference temperature equal to
Nusselt number:
Nu(y, z) dy dz. (2.3)
In the test cases ere, the Prandtl number is assumed to remain constant, equal to P r = 0.71, and the viscosity coefficient Fig. 1 . Natural convection in cubic cavity -Problem statement characterized by their Grashof (Gr) or Rayleigh (Ra) numbers, the latter being defined as
where T 0 = (T h + T c )/2 = 600 K, ρ 0 and µ 0 are the density and viscosity at T = T 0 and p = p 0 = 101.325 kPa, ∆T = T h − T c = 720 K, L is the square/cube edge length, and g is the acceleration of gravity g = 9.81 m/s 2 . The 2D flow problem has been computed at a Rayleigh number Ra = 10 6 , corresponding to L = 67.09 mm whereas the 3D flow problem has been computed at a Rayleigh number Ra = 10 4 , corresponding to L = 14.45 mm.
Heat flux results will be presented in a non-dimensional way in the form of Nusselt numbers. The local Nusselt number is defined as
whereas the average Nusselt number on a boundary is defined as
where d is the problem dimension.
B. Square (2D) cavity
The temperature and flowfield pattern computed using the convective finite element formulation on a structured mesh of 81 × 81 nodes, and the heat flux distribution along the hot wall computed on the same mesh using both heat flux calculation methods with the convective formulation, as well as using the consistent method with the corrected convective formulation are presented in Fig. 2 . nodes)
The effect of the finite element formulation and of the heat flux calculation method, as well as of the mesh refinement, on the global heat transfer coefficients on the hot and cold walls are summarized in the following table. Only convective and corrected formulations have been used for the 2D study. First, it is observed that the consistent heat flux calculation method reduces the heat flux imbalance between the hot and cold walls by an order of magnitude (from the order of the percent to the order of the tenth of a percent) with respect to the standard method using the gra- 
C. Cubic (3D) cavity
The temperature field in the cavity mid-plane z = L/2 as computed using the convective formulation on a 128 3 mesh is compared to the reference solution of Rauwoens et al. [6] The effect of the finite element formulation and of the heat flux calculation method, as well as of the mesh refinement, on the global heat transfer coefficients on the hot and cold walls are summarized in the following table Tab.1 . As in the 2D case, we observe important imbal- ances (several percents) between hot and cold wall heat fluxes when the heat flux is computed from the gradient of the approximate temperature field T h . With the consistent calculation method, the imbalance is much reduced but remains noticeable for the convective formulation whereas it essentially vanishes for the mass corrected and conservative formulations. The heat transfer coefficient values obtained on the finest mesh using these formulations are also in close agreement with the value 2.0373 obtained by Rauwoens et al. [6] .
IV. CONCLUSIONS
A CONSISTENT method to calculate the wall heat fluxes for finite element solutions of variable density flows has been presented and tested for 2D and 3D natural convection problems. It was shown that the use of this method together with a finite element formulation ensuring energy conservation is essential to ensure heat flux balance and to provide heat flux results in good agreement with the reference solutions.
